Abstract. For entire spacelike stationary 2-dimensional graphs in Minkowski spaces, we establish Bernstein type theorems under specific boundedness assumptions either on the W -function or on the total (Gaussian) curvature. These conclusions imply the classical Bernstein theorem for minimal surfaces in R 3 and Calabi's theorem for spacelike maximal surfaces in R 3 1 .
Introduction
The classical Bernstein theorem [2] says that any entire minimal graph in R 3 has to be an affine plane. In other words, suppose f : R 2 → R is an entire solution to the minimal surface equation Then f has to be affine linear. This conclusion is generally not true in the higher codimensional case. The simplest counter-example is the minimal graph M = graph f := {(x, f (x)) : x ∈ C} ⊂ R 4 of an arbitrary nonlinear holomorphic function f : C → C.
To find a suitable generalization, usually we have to add some boundedness assumptions on the growth rate of the function f . Chern-Osserman [4] obtained such a weak version of Bernstein type theorem as follows. Let f = (f 1 , · · · , f m ) be a smooth vector-valued function from R 2 to R m . If M = graph f := {(x, f (x)) : x ∈ R 2 } is a minimal graph, and is uniformly bounded, then M has to be an affine plane.
This W -function is a significant quantity for various reasons.
Firstly, for any f : R 2 → R m and its graph, denote the metric on graph f as g = g ij dx i dx j under the global coordinate chart x = (x 1 , x 2 ) → (x, f (x)) ∈ graph f , 1991 Mathematics Subject Classification. 58E20,53A10. Xiang Ma is supported by NSFC Project 11171004; Peng Wang is supported by NSFC Project 11201340; Ling Yang is supported by NSFC Project 11471078.
1 then the area element is given by W dx 1 ∧ dx 2 . Thus W is a geometric measure of the area growth of the graph of f . Secondly, Chern-Osserman's theorem can be stated in the language of PDE as below. Namely, the entire solution to the following PDE system ) is the Jacobian of f ), (g ij ) := (g ij ) −1 and W = det(g ij ) 1/2 . A key point from the analytic viewpoint is that the boundedness of W ensures that (1.3) is a uniformly elliptic PDE system. For more work on the generalization of Chern-Osserman's theorem in relation with the W -function, see [1] , [5] , [7] and [8] .
Now we consider entire spacelike stationary graphs in Minkowski spaces. They also correspond to solutions to (1.3), with the differences being that f = (f 1 , · · · , f m ) is now from R 2 to the m-dimensional Minkowski space R m 1 , and that E appearing in (1.4) should be replaced by the Minkowski inner product matrix diag(1, 1, · · · , 1, −1). Here we need to assume that (g ij ) is positive-definite everywhere.
When m = 1, M becomes a spacelike maximal graph in R 3 1 , which has to be an affine plane. This is a well-known Berntein type result by E. Calabi [3] . But for higher codimensional cases, the Bernstein type result fails to be true even if the Wfunction is uniformly bounded. Such a counterexample can be found in [11] which is given by the function
So it is a more subtle problem about the value distribution of the W -function for entire spacelike stationary graphs in Minkowski spaces. This is the main topic of the present paper.
As the first step, we generalize Osserman's result in §5 of [12] to entire spacelike stationary graphs in the Minkowski space. They are still conformally equivalent to the complex plane (see Theorem 3.1), and have an explicit simple representation formula. Based on these formulas, we establish the following results: 1) Let M be an entire spacelike stationary graph in R 2) For any entire spacelike stationary graph M in R 4 1 , If W ≤ 1 (or W ≥ 1) always holds true on M, then M has to be flat (see Corollary 4.1). Note that Calabi's theorem [3] and the classical Bernstein theorem [2] can be easily deduced from the above 2 conclusions, respectively.
3) For any entire spacelike stationary graph M in R n 1 (n ≥ 4), if W ≤ 1, then M must be flat (see Theorem 5.1). (On the contrary, the same conclusion does not necessarily hold true in the case W ≥ 1; see Proposition 5.1.)
Another measure of the complexity of a complete stationary surface is its total Gaussian curvature M |K|dM. It is closely related with its end behavior at the infinity (see the generalized Jorge-Meeks formula in [11] ). Using the Weierstrass representation formula given in [11] , one can compute the integral of the Gauss curvature and the normal curvature of an arbitrary spacelike stationary surface in R 
be a smooth vector-valued function. As in §3 of [12] , we introduce the vector notation
According to the properties of positive-definite matrices, M is a spacelike surface if and only if 1 + p, p > 0 and det(g ij ) > 0. Hence
for any spacelike graph.
Denote by P 0 the orthogonal projection of R 2+m 1 onto R 2 , then w := W −1 is equivalent to the Jacobian determinant of P 0 | M . Thus W ≤ 1 (≡ 1, ≥ 1) is equal to saying that P 0 | M is an area-increasing (area-preserving, area-decreasing) map.
For entire graphs in the Euclidean space, it is well-known that the orthogonal projection onto the coordinate plane is a length-decreasing map, which becomes an isometry if and only if the graph is parallel to the coordinate plane. Therefore every entire graph in the Euclidean space must be complete. But the following examples shows the above properties cannot be generalized to entire graphs in Minkowski spaces.
Examples:
• Let y 0 be a non-zero light-like vector in R y 0 and hence g ij = δ ij , which implies the projection of M = graph f onto R 2 is an isometry, but M cannot be an affine plane of R 2+m 1 whenever h is nonlinear.
• Let t ∈ R → θ(t) ∈ (−π/2, π/2) be a smooth odd function, which satisfies lim t→+∞ θ(t) = π/2 and π/2 − θ(t) = O(t −2 ). Denote
then h is a smooth even function on R. Define
) and hence
Therefore M = graph f is an entire spacelike graph. Denote γ : t ∈ R → (t, 0, f (t, 0)), then γ is a smooth curve in M tending to infinity. Since
, therefore L(γ) < +∞ and hence M cannot be complete.
Isothermal parameters of spacelike stationary graphs
be a spacelike surface in the Minkowski space. If the mean curvature vector field H vanishes everywhere, then M is said to be stationary. M is stationary if and only if the restriction of any coordinate function on M is harmonic. Namely, ∆x l ≡ 0 for each 1 ≤ l ≤ 2 + m, with ∆ the Laplace-Beltrami operator with respect to the induced metric on M (see [11] ). Now we additionally assume M to be an entire graph over R 2 . More precisely, there exists f :
The denotation of p, q, g ij , W is same as in Section 2. For an arbitrary smooth function F on M,
The stationarity of M implies x 1 , x 2 are both harmonic functions on M, hence
and similarly
The above 2 equations implies the existence of smooth functions ξ 1 and ξ 2 , such that (3.5)
As in §5 of [12] , one can define the Lewy's transformation L : (
Since the Jacobi matrix of L
is positive-definite, L is a local diffeomorphism. Again based on the fact that
is positive-definite, one can proceed as in [10] or §5 of [12] to show that L is lengthincreasing, thus L is injective. Let Ω be the image of L, then Ω is open. If Ω = R 2 , take η in the complement of Ω that is nearest to L(0), and find a sequence of points {η
, then there exists an subsequence converging to x ∈ R 2 , which implies L(x) = η and causes a contradiction. Therefore Ω = R 2 and then L is a diffeomorphism of R 2 onto itself.
Denote by λ
and furthermore
). This means that (η 1 , η 2 ) are global isothermal parameters on M.
Denote (3.9)
ζ := η 1 + √ −1η 2 and (3.10)
Then the harmonicity of coordinate functions implies
i.e. β 1 , · · · , β 2+m are all holomorphic functions on M. A straightforward calculation shows −4Im(β 1 β 2 ) equals the Jacobian of the inverse of Lewy's transformation, which is positive everywhere, thus
is an entire function whose imaginary part is always negative. The classical Liouville's Theorem implies
, where a, b ∈ R and b > 0. In conjunction with (3.10) we get (3.11)
Let (u 1 , u 2 ) be global parameters of M, satisfying x 1 = u 1 and x 2 = au 1 + bu 2 . Then (3.11) tells us (3.12)
This means the one-to-one map (η 1 , η 2 ) ∈ R 2 → (u 1 , u 2 ) ∈ R 2 is bi-holomorphic. Thereby we arrive at the following conclusion:
2 } is a spacelike stationary surface, then there exists a nonsingular linear transformation (3.13)
such that (u 1 , u 2 ) are global isothermal parameters for M.
Now we introduce the complex coordinate z := u 1 + √ −1u 2 and denote (3.14)
then α is a holomorphic vector-valued function. The induced metric on M can be written as
Here |dz| Noting that α 1 =
, (3.15) equals to say
Observing that 1+|c| 2 −|1+c 2 | > 0 is a direct corollary of b > 0, we get a conclusion as follows.
2 } be a spacelike stationary graph generated by f : R 2 → R m 1 , then the induced metric on M is complete.
with dM the area element of M. In other words,
.
4.
On W -functions for entire stationary graphs in R 
If α 3 is a constant function, then (4.1) shows α 4 is also constant, and
is affine linear. Hence f is affine linear and W ≡ r, where r can be taken to be any value in (0, ∞). This is Case (i).
Now we assume α 3 is non-constant, then (4.1) implies α 4 is also non-constant.
Noting that the zeros of a non-constant holomorphic function have to be isolated, we get α 3 + α 4 = 0 or α 3 − α 4 = 0. Thus |α 3 | = |α 4 | and then (4.2) shows W ≡ 1. Let β be the unique holomorphic function such that β ′ = α 3 and β(0) = 0, then
Now we put h := Re β(z), y 0 := (1, ∓1) and y 1 := f (0, 0), then h is a nonlinear harmonic function, y 0 is a light-like vector and f = hy 0 + y 1 . This is Case (ii).
Otherwise c = − √ −1 and hence − , and h 1 , h 2 be holomorphic functions such that
, which implies h 1 + h 2 is an entire function containing no zero. Hence there exists an entire function β, such that h 1 + h 2 = e β , then h 1 − h 2 = e −β and hence
By computing, 
and r 2 := sup W = 
(2+t 2 +|t| √ t 2 + 4), then µ is a strictly increasing function and lim t→0 µ(t) = 1, lim t→+∞ µ(t) = +∞. Hence for an arbitrary number r ∈ (1, ∞), one can find a ∈ R + , such that r 2 = r and then W takes each values in [r −1 , r] infinitely often. This is Case (iii).
Corollary 4.1. Let M be an entire spacelike stationary graph in R 4 1 generated by a smooth function f = (f 1 , f 2 ) : It is natural to ask whether one can generalized the conclusion of Corollary 4.1 to higher codimensional cases.
For the first statement, i.e. W ≤ 1, the answer is "yes":
. If the orthogonal projection P 0 of M onto the coordinate plane R 2 is area-increasing (i.e. W ≤ 1), then f is affine linear or f = hy 0 + y 1 , with h a nonlinear harmonic function, y 0 a nonzero lightlike vector and y 1 a constant vector. Moreover, if P 0 is strictly area-increasing (i.e. W < 1), then f has to be affine linear and M is an affine plane.
Proof. We shall consider the problem in the following four cases.
Case I. α 1 , · · · , α 2+m are all constant functions.
As in the proof of Theorem 4.1, one can show f is an affine linear function.
Case II. α 2+m is a constant function, but α l is non-constant for some 1 ≤ l ≤ 1 + m.
By the classical Liouville Theorem, there exists a point in C, such that
(1 + |c| 2 ) at this point. Combing with (3.19) gives
This gives a contradiction to the assumption that W ≤ 1 everywhere. Hence the case cannot occur.
Case III. α 2+m is non-constant and c = − √ −1.
Denote δ := bδ at this point. Hence
which causes a contradiction and therefore this case cannot happen.
Case IV. α 2+m is non-constant and c = − √ −1.
Let h 3 , · · · , h 1+m be meromorphic functions, such that 
. Since α 2+m is a non-constant function, we have
Due to the triangle inequality,
and the equality holds if and only if the functions h 3 , · · · , h 1+m all take values in R + ∪ {0, ∞}. Again using the Liouville Theorem, we know that h 3 , · · · , h 1+m are all constant real functions. Therefore, there exist v 3 , · · · , v 1+m ∈ R, such that v Proof. Now we put c := −b √ −1 and let d be a real number to be chosen. Let µ be a complex number such that
Since α, α = α 
and
Now we put d := √ C − 1, then r 1 r 2 = C, and one can choose b being sufficiently close to
Stationary graphs with finite total curvature
As demonstrated in [11] , the Bernstein theorem can not be generalized directly to stationary graphs in R 
Thus the assumption of finite total curvature is equivalent to saying that (6.5)
where the final equality follows from the assumption that β is a non-constant entire function over C, which takes almost every value of C at least one time. It is easilyseen that the right hand side of (6.5) is divergent, contradicting with the finiteness of the total curvature.
Remarks:
• Taking the imaginary part of (6.3), one can proceed as in (6.4)-(6.5) to get a contradiction when the condition " M |K|dM < +∞" is replaced by " M |K ⊥ |dM < +∞". Therefore, if M ⊂ R 4 1 is an entire spacelike stationary graph over R 2 , whose normal curvature integral converges absolutely, then M has to be a flat surface.
• Let M be a non-compact surface equipped with complete metric. If M |K|dM < +∞, then there is a compact Riemann surfaceM , such that M is conformally equivalently toM \{p 1 , p 2 , · · · , p r }, with p 1 , · · · , p r ∈M . This is a purely intrinsic result, discovered by A. Huber [6] . Moreover, if we additionally assume M to be a minimal surface in R 2+m (m is arbitrary), then the Gauss map of M is algebraic, and verse visa (see Theorem 1 of [4] ). But this conclusion is no longer true for spacelike stationary surfaces in R 4 1 , due to the examples with finite totally curvature and essential singularities (see [11] ). Hence different from the R 4 case [12] , the conclusion of Theorem 6.1 cannot be deduced directly from (6.1).
• Combing with Theorem 1 of [4] and §5 of [12] , it is easy to conclude that M = graph f := {(x, f (x)) : x ∈ R 2 } is a minimal surface in R 4 with finite total curvature if and only if f = p(z) or p(z), with p an arbitrary polynomial. Noting that any minimal graph in R 4 over R 2 can be regarded as a spacelike stationary graph in R n 1 (n ≥ 5), the conclusion of Theorem 6.1 cannot be generalized to spacelike stationary graphs in higher dimensional Minkowski spaces.
